ABSTRACT I demonstrate four tight correlations of total baryonic mass, velocity and radius for a set of nearby disk galaxies: the Mass-Velocity relation M t ∝ V 4 ; the Mass-Radius relation M t ∝ R 2 ; the RadiusVelocity relation R ∝ V 2 ; and the Mass-Radius-Velocity relation M t ∝ RV 2 . The Mass-Velocity relation is the familiar Baryonic Tully-Fisher relation(BTFR) and versions of the other three relations, using magnitude rather than baryonic mass, are also well known. These four observed correlations follow from a pair of more fundamental relations. First, the centripetal acceleration at the edge of the stellar disk is proportional to the acceleration predicted by Newtonian physics and secondly, this acceleration is a constant which is related to Milgrom's constant. The two primary relations can be manipulated algebraically to generate the four observed correlations and allow little room for dark matter inside the radius of the stellar disk. The primary relations do not explain the velocity of the outer gaseous disks of spiral galaxies which do not trace the Newtonian gravitational field of the observed matter.
1. INTRODUCTION 1.1. Background Galaxy scaling law relations of mass, rotational velocity and radial size reveal the laws which govern the structure and dynamics of disk galaxies. Power-law scaling relations have been found which relate these parameters to the others in every combination. Due to observational constraints, scaling laws have been defined using a variety of proxies for the most fundamental properties. Magnitude or central brightness is used as a proxy for mass, various size measures(scale length, half-light radius, etc.) are used and the rotational velocity is measured in diverse ways.
The Tully-Fisher Relation (TFR) of disk galaxies relates luminosity to circular velocity (Tully & Fisher 1977) and, being a key component of the distance ladder, has been the subject of many studies of the effects of different wavelengths, galaxy morphology and environments(e.g., Lagattuta et al. 2013; Mocz et al. 2012; Neill et al. 2014) . The fit of the TFR has been continuously improved by the availability of large surveys and improved distance measures. The scatter of the TFR is significantly smaller in the (NIR) band than in the UV or FIR bands and because near infrared luminosity is the best measure of stellar mass this suggests that the TFR is primarily a relation between mass and rotational velocity. Accordingly, the BTFR (McGaugh et al. 2000; Freeman 1999; McGaugh 2005) correlates total baryonic mass including both the stellar and gas mass to V f , the 'flat' rotational velocity measured in the outer Hi regions of disk galaxies resulting in a tight relationship over a range of many decades of mass.
Because of it's fundamental importance, the TFR has been the subject of many evaluations over a period of 40 years. Bothun & Mould (1987) and Mould et al. (1989) provide usedful background and Bothun & Mould (1987) was one the first to study the uncertainties of the I-band earlschulz@gmail.com TFR which are significantly smaller than in other wavelengths. Sakai et al. (2000) includes a definitive study of the random and systematic errors of the TFR calibration performed as part of the Hubble Key Project. Courteau et al. (2014) is a recent review of the reliability of the various methods used to measure galaxy mass.
The relations of mass, radius and velocity other than the TFR receive less attention but are equally important in helping us to uncover the underlying physical processes. Saintonge & Spekkens (2011) presents correlations among the parameters of luminosity, velocity and size equivalent to those given here but with much larger scatter. Saintonge & Spekkens (2011) makes several findings related to the source of errors in the measurements finding, in particular, that using an isophotal radius rather than a scale length reduced the scatter of the R-L relation by a factor of about 3 so that an isophotal radius is the more reliable measure.
The interpretation of scaling laws is tied to the dark matter paradigm which underpins the accepted ΛCDM cosmology. Garrett & Dūda (2011) is a current review of the subject and Sanders (2010) is a history which gives invaluable background. The original puzzle was that the velocity of the stellar disk is often flat from the innermost regions to the edge of the optically observed disk and this was taken to mean prima facie that a dark matter halo is required to explain the kinematics. However Kalnajs (1983) , van Albada et al. (1985) and others showed that the combination of a central bulge surrounded by a truncated exponential disk results in a flat velocity curve with a reasonable stellar mass-to-light ratio and this finding is consistent with analytical results of Newtonian dynamics (Mestel 1963; Schulz 2012) .
Maximum disk disk models (see for example Begeman 1987; Sellwood & Sanders 1988; Palunas & Williams 2000 , among many others) find that little or no dark matter is required to explain the rotation curve in the inner regions of disk galaxies(i.e. the first few scale lengths) although others (e.g. Courteau & Rix 1999; Bershady et al. 2011) find that dark matter is dominant at all radii. Some investigators force the result by adjusting the Υ ratio so that the contribution from baryons is small enough to 'leave room' for an isothermal dark halo.
A purely exponential disk has V max at 2.2 scale lengths and most optical rotation curves did not extent out much beyond that radius. It is necessary to measure the rotation curve beyond about 3 scale lengths (which contains 90% of the disk light) to observe 'flat' rotation curves. Observations of neutral hydrogen extending well beyond the optical radii of galaxies proved beyond doubt that the rotation curves of the outer regions of spiral galaxies cannot be explained by the observed matter (e.g. : Bosma 1981a,b; Freeman 1970; van Albada & Sancisi 1986; Begeman 1989; Begeman et al. 1991) .
Here I show that the dynamics of the inner stellar disk can be explained by Newtonian physics without room for a dominant amount of dark matter. This conclusion is robust because the uncertainties involved in the present calculation of average quantities are significantly smaller than those associated with previous evaluations.
I use the parameter R d which is the most meaningful measure of stellar disk size for the study of the dynamics. R d is the radius at which the collapsed surface density, Υ , is small enough that it does not contribute significantly to the gravitational field. The average mass density of a the stellar disk is typically about 75 M /L and I take R d to be the radius at which Υ decreases to below about 5% of this value.
The Thesis
Power-law scaling relations define planes in log space. Elementary geometry requires that if a set of galaxies lie on each of two planes then all of the galaxies must lie on the line at the intersection of the planes and, indeed, several observers have pointed out that the scaling relations of disk galaxies seem to have only one degree of freedom.
Any of the planes formed by rotation around the line of intersection also define power law relations which are as valid as any other. Any two relations of the three variables are sufficient to define the line of intersection and with this simple geometric insight I identified the physically meaningful relationships which define the line of intersection.
The equalities which govern the relationships of total baryonic mass, rotational velocity and disk radius are:
where M t is the total baryonic mass and is the sum of M , the stellar mass, and M g , the gas mass; G is the the gravitational constant; R d is the radius of the stellar disk; V d is the circular velocity measured at R d ; and C f and A edge are constants which have physical interpretations. Algebraic manipulation of Equations 1 produces the Mass-Radius-Velocity relation, the Radius-Velocity relation, the Mass-Radius relation and the Mass-Velocity relation as given in Table 1 .
In what follows I use a well-characterized data base to find the constants C f and A edge and show that these two constants alone determine the four scaling relations with no need for any other free parameters. 
The Line of Intersection
Note.
-Here R d is the radius of the stellar disk, V d is the velocity at the edge of the stellar disk, and Mt is the total baryonic mass. The constants C f and A edge are determined from the centroid of the data.
The scaling relations are defined over the log space log(M t ), log(R d ), log(V d ) . The line of intersection in this log space of the planes given in Table 1 is given perametrically as
where L 0 is any point on the line,
is the unitary direction vector and t is the parameter. Any plane of rotation around L can be specified by a equation with the form v · w = 0 where v = (a, b, c) gives the exponents of a plane
which must satisfy 4a + 2b + c = 0.
Each of the relations given in Table 1 satisfy this equality as do an infinite number of other relations of mass, radius and velocity. A value of L 0 can be found most straightforwardly by noting that the least squares regression line to a set of data passes through the centroid of the data where the centroid is the point consisting of the average of each of the components. In what follows L 0 is set to the centroid of the data and this fully specifies the line L and the constants C f and A edge .
Organization
This paper is organized as follows: Section 2 discusses the radii of disk galaxies; Section 3 describes the galaxy sample and motivate the definitions of the parameters M t , V d and R d ; Section 4 presents the results of fitting the scaling laws; Section 5 compares the results to previous work; Section 6 summarizes.
2. THE SIZE OF DISK GALAXIES Correlations of mass, rotational velocity and radius reflect dynamic relationships and the definitions of the parameters should be consistent with the physics which tie them together. The parameters of total baryonic mass and "final velocity" are unequivocal and result in the Baryonic Tully-Fisher relation with very small dispersion. Defining a physically meaningful radius of a disk galaxy has proven to be more difficult because the massive dark matter halo is thought to be entirely dominant in the outer regions and because the surface mass density of Hi gas often decreases exponentially to distances far beyond the visual boundary of the stellar disk making it seem that disk galaxies do not have unique radii.
It was long thought that stellar disks extended great distances with a single exponential scale length (Freeman 1970) and this understanding lead to the frequently used "maximum disk" methodology to fit rotation curves. Bigiel et al. (2010) ; Dessauges-Zavadsky et al. (2014) found that the stellar disk extends outward far beyond R 25 but at very faint integrated magnitude. Star formation efficiency is much lower in the outer disk and the Kennicut-Schmidt relation displays a change of exponent near R 25 . The most accurate observations use sensitive wide-area star counts to determine surface mass density and find large scale structure extending as far as 3 to 4 times the R 25 radius. It could be argued that the observed size of the stellar disk is determined by measurement sensitivity and harassment by companions rather than being a fundamental property of the galaxy.
van der Kruit (2007) studied 23 edge-on spiral galaxies in the Sloan Digital Sky Survey and the STScI Digital Sky Survey and found that the majority of the galaxies show clear evidence for complete truncation, consistent with previous findings in other samples. In many cases, the truncation radius was associated with a drop in rotational velocity and with large Hi warps, starting at about 1.1 truncation radii. These truncations were predicted by Casertano (1983) who showed that a truncated exponential disk could reproduce the rotation curves of most disk galaxies.
Various studies of inclined galaxies have not confirmed the complete truncations seen for edge-on galaxies. Instead, the stellar mass distribution follows a smooth exponential to a breakpoint where: 1) Some galaxies continued exponentially with the same scale factor; 2) Some(called truncated) continue but with a smaller scale factor; and 3) Some(called anti-truncated) continue but with a larger scale factor (see e.g., Erwin et al. 2005; Pohlen & Trujillo 2006; Pohlen et al. 2008 ). Martín-Navarro et al. (2014) has now resolved the dichotomy between the observations of edge-on and inclined galaxies by showing that the stellar haloes of disk galaxies can outshine the brightness of inclined galaxies near the edge of the disk. Not surprisingly, the density of the stellar halo falls off exponentially but the scale factor is, in general, different from the scale factor of the disk proper.
3. THE DATA 3.1. Recent Measurement Improvements Recent work has reduced the dispersion of the scaling laws of mass, size and velocity dramatically so that the way that the scaling relation are related can now be seen. The improvements are the result of refinements to the measurement of each of the variables, including changes to the definition of what is measured.
• Distance measurements using the Hubble law are affected by peculiar motions which results in errors of as much as 2 for nearby galaxies. Doppler independent measurements now provide distance measures which are accurate to a range of about 5 to 10%.
• The mass-to-light ratio used to convert visual magnitude to mass was uncertain by about a factor of about 2. The corresponding uncertainty for recently available NIR measurements is much smaller.
• The error due to absorbtion by dust in the visual bands can be as large as a factor of 2 to 3 in the case of an edge-on spiral. The corresponding uncertainty for NIR measurements is negligible.
• The Baryonic Tully-Fisher Relation (McGaugh 2005) uses total baryonic (stellar mass plus gas mass) mass rather than only stellar mass and this modification to the definition of the TFR reduces the the dispersion of the Tully-Fisher relation by ∼2 for low-mass galaxies.
• The error in measuring circular velocity from Hi bandwidths can be as large as 40% and this error translates to an error as large as a factor of a few in the Tully Fisher relation due to the V 4 dependence. McGaugh & Schombert (2015) used the 'flat' asymptotic outer gas velocity fit to tilted ring model rather than the velocity derived from a line width and the dispersion of the resulting velocity measurement is less than 10%.
• A contribution of the current work is to use R d , the linearly projected edge of the stellar disk seen in the 3.6 µm band, as the measure of galaxy size and this results in dramatically smaller dispersion of the relations involving galaxy size.
3.2. The Galaxy Sample I use the set of well-observed nearby galaxies chosen by McGaugh & Schombert (2015) which consists of galaxies with photometry in the optical and in the Spitzer Space Telescope 3.6 µm band and which have an high quality extended rotation curves from 21 cm interferometer measurements. The selection included only galaxies which have 'flat' rotation curves in the outer HI disk and an accurate velocity curve which increases to a constant velocity. Galaxies which showed a significantly decreasing velocity at any radius were rejected. Also, the selection was limited to galaxies with 'consistent' velocity curves by rejecting galaxies for which the Hi curve showed excessive turbulence or for which the Hi disk was misaligned relative to the stellar disk. The sample consists of 26 galaxies. Of these, the smaller galaxies are almost entirely Sd and Sm spirals and irregulars with rotation velocities V d < 90 km s −1 and the larger galaxies are earlier types with V d as large as 450 km s −1 . The smaller galaxies are distinctly gas dominated such that the fraction of gas M g /M t is as large as 80% whereas the fraction is in the range of approximately 10% < M g /M t < 30% for the larger galaxies. Blue lines are symmetric bounds projected linearly to find the limit at which the flux decreases to the local background level. The linearly projected edge can be determined to within about ±10% despite an extremely noisy field.
Circular Velocity
The Tully-Fisher relation originally used Hi bandwidth, defined to be full width at 20% maximum flux corrected for inclination, as a measure of circular velocity. Tully & Fisher (1977) noted that the slope and scatter of the relation are sensitive to the exact definition of the velocity term. Courtois et al. (2009) and Courtois et al. (2011) investigated various measures and found that their parameter W max reduced the rms dispersion by about half. W max is based on the Hi bandwidth at 50% maximum within the band enclosing 90% of the total integrated flux, excluding the problem of 'wings' caused by high velocity in the central regions of some bright galaxies.
Here I adopt the McGaugh & Schombert (2015) terminal velocity V f values without change where V f is the asymptotic, nearly constant, velocity of the outer Hi gas corrected for inclination and rejecting galaxies which do not rise smoothly to a constant velocity. The scatter involved in measuring V f is smaller than for W max although at the cost of limiting the sample selection.
For these galaxies, the change from an increasing to a flat velocity occurs occurs at approximately the optical radius so that the maximum velocity, the 'flat' velocity V f , and the velocity at edge of the stellar disk V d are equal to within the uncertainties of the data.
Total Baryonic Mass
The total mass of the stellar disk, M t , is the sum of the gas mass M g and the stellar mass M . Hi mass is taken from McGaugh & Schombert (2015) where it is determined from the integrated 21 cm line flux as M Hi = 2.36×10 5 D 2 F HI and total gas mass is M g = ηM Hi where the factor η = 1.4 accounts for helium and H 2 (Gurovich et al. 2010) . Stellar mass was found by multiplying the value of [3.6] luminosity given in McGaugh & Schombert (2015) by the stellar mass-to-light ratio Υ that this differs from the value of Υ [3.6] =0.47 used by McGaugh & Schombert (2015) which was determined by requiring "photometric self-consistency" of the population synthesis models. Meidt et al. (2014) found that the error in M resulting from a constant value of Υ [3.6] =0.6 is less than about 0.1 dex (∼15%). Norris et al. (2014) independently confirmed this result which is a great improvement compared to B-band observations for which the error caused by an uncertain Υ can be on the order of a few. The Meidt et al. (2014) results are compelling but contrary results should be kept in mind. Table 4 of McGaugh & Schombert (2015) compiles various values of Υ [3.6] ranging from 0.14 to 0.6 and also Querejeta et al. (2015) investigates the effect of dust contamination which increases the uncertainties associated with Υ [3.6] for dusty galaxies.
The size of a Stellar Disk
The size of stellar disks can be approximated by the radius of the µ B = 25 isophote corresponding to a mass surface density of ∼9 M pc −2 or by the µ [3.6µm] = 27 isophote which corresponds 1 to a surface density of ∼1 M pc −2 . However defining the radius to be some faint isophotal is problematic because the measurement then depends critically on an accurate determination of the background and because it's difficult to account for the effect of a stellar halo. The alternatives of defining the size of a disk galaxy in terms of the half-light radius or a scale length also cause difficulties because these quantities are difficult to measure and are only proxies for disk size.
After some trial and error, I fixed on a simple way to measure the radius at which the linearly projected surface brightness drops below the local background. The projection uses the outermost region of the disk where the drop in surface brightness is approximately linear. The intent of defining disk size in this way is to find the boundary of the gravitationally important baryonic matter. Beyond the linearly projected radius the surface mass density so small that the disk no longer contributes to the gravitational attraction. This definition is more robust than the radius of a faint isophotal because it does not depend on determining the exact global background level and is not sensitive to contamination by stars or background galaxies. The dispersion in finding the linearly projected edge is about 10-15% which is small compared to using for instance R 25 , the 25 mag arcsec −2 Bband isophote, for which independently determined values can vary by 50% or more.
Figures 1-3 provide three examples which illustrate the advantages of using, R d , the linearly projected edge as a measure of disk size. Figure 1 shows the flux trace along the major axis of dwarf irregular DDO 168. In this case Hi gas outweighs stellar mass by a factor of ∼4 and stellar surface mass density is lower than for larger spirals by approximately the same factor. Even so, the linearly projected edge is well defined and finds the limit beyond which Newtonian physics fails to explain the rotation curve. Figure 2 shows the flux trace along the major axis of the barred lenticular NGC 936. The radial extent of NGC 936 in the 3.6 and 4.5 µm band is analyzed in detail in Muñoz-Mateos et al. (2015) where it is shown that the 3.6 surface brightness declines smoothly to a radius of almost 200 where the brightness is only µ 3.6 ∼ 28(AB) mag arcsec −2 . As shown in Figure 2 , the linearly projected edge is R d =122 . Beyond this radius the collapsed surface density is too small to contribute appreciably to the rotation curve but is large enough to account for some star formation. Figure 6 of Muñoz-Mateos et al. (2015) plots surface brightness versus radius out to the limit of detection and this plot makes it obvious why scale length is a poor measure of disk size. Because of the influence of the central bulge, scale length is small in the central region, much larger in the region from the bulge to R d , and is again smaller in the outermost region. The variation in scale length between regions is a factor of approximately 2-4 for this typical case. Figure 3 shows the flux trace along the major axis of NGC 300, a nearby very well observed Sc galaxy. Hillis et al. (2016) recently presented the results of star counts which show that the young stellar disk of NGC 300 is an unbroken disk extending for 8 or even 10 scale lengths, consistent with Bland-Hawthorn et al. (2005) . NGC 300 may present a counter-example to the idea that disk galaxies are universally truncated but it does not invalidate the procedure to find R d given here. Table 2 presents the data used used in the present analysis: Column 1 gives the most common name of each galaxy; Column 2 is D, the distance to the galaxy(Mpc); Column 3 is the circular velocity, adjusted for inclination(km s −1 ); Column 4 gives the original sources for the velocity data; Column 5 is M , the stellar mass(M ); Column 6 is M g , the gas mass(M ); Column 7 is M t , the total disk mass(M ); Column 8 is R[3.6], the angular size of the stellar disk as described in Section 3.5 and Column 9 is R d , the radius of the stellar disk(kpc).
The Data

RESULTS AND DISCUSSION
The centroid of the data is the vector of the averages of the parameters and this vector is used to solve the system of equations given in Table 1 and find the constant A edge :
which evaluates to : 
and the constant C f :
which evaluates to :
The two constants A edge and C f are sufficient to generate the four scaling relations given in Table 1 as demonstrated by Figures 4 through 7 below. 
The Mass-Velocity Relation
The Mass-Velocity relation is 
The Mass-Radius Relation
The Mass-Radius relation is shown in Figure 5 :
which is M t = 2.35 × 10 8 R 2 in units of M and kpc. The Mass-Radius relation is the same as the Luminosity-Diameter relation of disk galaxies (Heidmann 1969; Giuricin et al. 1988; Gavazzi et al. 1996) , a tight scaling relationship between the magnitude and the diameter of the stellar disk, usually taken to be the A 25 isophote. More recently van den Bergh (2008) found that the relation is independent of environment or local mass density, consistent with the conclusions of Girardi et al. (1991) . van den Bergh (2008); Muñoz-Mateos et al. (2015); Saintonge & Spekkens (2011) , did show a definite morphological dependance in that early-type galaxies are more compact than late-type galaxies at the same luminosity.
The Radius-Velocity Relation
The Radius-Velocity relation shown in Figure 6 :
which is R = 4.87 × 10
in units of kpc and km s −1 . 
which is
in units of M , kpc and km s −1 . The Mass-Radius-Velocity relation implies that the centripetal acceleration at the edge of a galaxy disk is proportional to the acceleration due to gravity. This is the "fundamental" relation L ∝ V 2 d R given in Han et al. (2001) who searched several galaxy samples consisting of more than 500 spiral galaxies in several optical bands to find the relation which has the smallest dispersion of any relation of L, V and R (see also Tully & Fisher 1977; Koda et al. 2000; Courteau et al. 2007; Pizagno et al. 2005; Saintonge & Spekkens 2011; Williams et al. 2010) . Using the isophotal radii in NIR or optical wavelengths resulted in markedly smaller dispersion than using a disk scale length. The Han et al. (2001) galaxy sample included only late-type spirals and covered a smaller range of galaxy size than the present work. No morphological effects were noted in their relatively homogeneous sample. Akritas & Bershady (1996) discuss the complications involved in the linear regression analysis of astronomical data. In principle ordinary least squares(OLS) fits do not allow for measurement uncertainties on both the X and Y variables and in addition, OLS cannot address the case where correlated uncertainties affect both measurements so that the slope of the line determined by OLS can vary significantly depending on the choice of (X,Y). Finally, OLS does not allow for "intrinsic scatter" in the data which is the case when some of the data points are true outliers or follow some undiscovered rule. These problems are most troublesome when measurement errors are Here I use the orthogonal standard deviation in log space, σ orth , as the error measure which is a common compromise. σ orth is the rms value of the distance of the data to each of the four planes defined in Table 1 and is found using the elementary formula for the distance of a point (p 1 , p 2 , p 3 ) to a plane aX+bY+cZ+d=0:
Uncertainties
and converting to the natural log so that σ orth is close to the relative error δY /Y . In a 2-D plane the formula reduces to the formula for the orthogonal distance from a point to a line. Defined this way, the value of σ orth is independent of the assignment of variables as (X,Y). Table 3 gives fitting statistics for each of the four relations. The Pearson r coefficient is a measure of how well the data can be fit by a straight line where a value of 1.0 signifies a perfect fit and a value of 0.0 implies no correlation. The values found here indicate a very good linear fit is available with little need to look for secondary corrections.
2 Table 3 gives the scatter σ orth using the integer slopes given in Table 1 and also for optimized slopes which minimize σ orth . The optimized slope of the M-RV relation is the optimal coefficient γ of the relation M ∝ V 2 R γ . The optimized slopes do reduce the scatter slightly but at the cost of introducing a new free variable.
The expected dispersion of each of the four relations due to random independent variation of the measured variables is:
where u 2 i is the square of the dispersion; the sensitivity coefficients c n,j are the coefficients of M t , Vd, and R d for 
which is roughly consistent with the measured dispersions are:
12 These quantitative measures of the scatter are useful in understanding the scaling relations and to compare data sets. These dispersions do not include not systematic errors which are difficult to quantify but might be significant or even dominant. For example, an error in the distance ladder or in Υ [3.6] would affect all of the measurements of M t and V d without increasing the observed scatter.
4.6. The C f Constant Newtonian potential theory predicts that the gravitational force of a flattened disk is greater at the edge of the disk than the force due to a point mass. The size of the increase depends on the the details of the mass distribution and Table 4 gives analytical values for a few simple models. The square of the r coefficient is a measure of how much of the variation in the data can be explained by a linear fit.
Table 4
The Flatness Factor C f for Several Disks Name Surface Mass Density Flatness Factor
Theoretical flatness factors(C f ) for three models of galaxy disks which describe for the increased gravitational force due to a flattened mass distribution versus a point mass vary by a factor 2 to 3 in the implied mass. See Mestel (1963) ; Binney & Tremaine (2008) ; Schulz (2012) .
The Exponential Disk Binney & Tremaine (2008) is often used to model the kinetics of disk galaxies. The model assumes that the disk is infinite in extent with a exponential surface mass distribution. The increase of force for this disk at the radius of maximum velocity is much smaller than for a finite disk; C f =0.83 because the mass of the disk beyond the point of maximum counterbalances the effect of the mass of the inner disk.
The Finite Mestel disk (Mestel 1963; Schulz 2012) includes a central singularity where the rotation curve steps to a value which is then constant to the edge of the disk. This behavior is typical of many Sc and Sd galaxies, including the Milky Way. The analytical value of the increase of force for this disk relative to a point mass is C f =1.6.
The Maclaurin disk (Mestel 1963; Schulz 2009 ) is the most appropriate model for the Table 2 sample because the velocity curve rises linearly to the edge of the disk for the galaxies in the sample. The analytical value of the force increase for this disk is C f =2.4 which is not too far from the measured value of the flatness factor, C f = 2.03 found in section 4. Note that the Maclaurin disk model is basically the same as the truncated exponential disk model described by Casertano (1983) .
In summary, the value of C f derived from observations is close to what is expected from theory. 4.7. The A edge Constant and MOND The idea that the acceleration at the edge of the stellar disk is roughly constant is not new. Tully & Fisher (1977) introduced the scaling relation between the full width of the Hi velocity profile measured at 20% of the maximum intensity versus the Holmberg diameter where the exponent of the relation R ∝ V γ is close to 2.0. The form of this relation implies that V 2 /R, the centripetal acceleration at the edge of disk galaxies, is approximately constant. More recently, Donato et al. (2009) and Gentile et al. (2009) have come to the same conclusion. This characteristic of galaxies has not yet been explained completely although Gentile et al. (2009) suggests possible explanations within the context of the ΛCDM paradigm.
The constant A edge is clearly associated with the a 0 constant predicted by the Modified Newtonian Dynamics (MOND) hypothesis (Milgrom 1983b,a; Sanders & McGaugh 2002; McGaugh 2012) . MOND proposes an "effective" force law to explain the observed flat rotation curves of disk galaxies. Accelerations greater than a 0 are governed by Newtonian physics so that and V 2 /R ∝ a N but accelerations a < a 0 are governed by an "effective" force law
where a 0 is thought to be a universal constant with a value of a 0 ≈1.2Å s −2 and a N is the acceleration calculated using classical theory. At large distances from the galaxy, a N approaches the Keplarian solution a N = M G/R 2 and a 0 can be found from measured baryonic mass and terminal velocity:
In practice, a 0 is found by fitting a selection of galaxies to the BTFR (i.e.,the M-V) relation:
and as discussed in McGaugh (2012) , the parameter λ is introduced to account for the finite size and non-spherical geometry of galaxies measured at a finite radius. Equation 16 has the same form as equation 10 where C f is equivalent 1/λ and A edge to a 0 . The values of the constants C f , 1/λ, A edge and a 0 differ because McGaugh (2012) adopted a value of 1/λ = 1.125 which is smaller than the expected value of 1.5 < 1/λ < 2.5 as given in Table 4 .
One of the arguments in favor of MOND has been that it eliminates the troubling 'disk-halo conspiracy' implicit in assuming a CDM halo (Bahcall & Casertano 1985; van Albada & Sancisi 1986 ). However, a transition is also required for MOND models and three forms of the empirical µ joining function are currently used (Bugg 2015) . A large value of 1/λ would be a problem for MOND theory because it would be difficult to find a reasonable way to join the results for a >> a 0 and a << a 0 .
Most importantly, Newtonian physics seem to fail at a certain radial breakpoint, R d , where the acceleration is approximately a 0 . Regarding this breakpoint as an acceleration threshold a < a 0 leads to a search for a new physical laws which apply at low accelerations. Considering the equivalent threshold, R > R d , suggests that we don't understand what governs the behavior of the diffuse mass beyond the stellar disk and directs us to reconsider that region. The Table 2 sample used here comprises only 26 galaxies and so it's appropriate to compare the current findings with the Courteau et al. (2007) study. Courteau et al. (2007) is a comprehensive study of the scaling relations of I-band luminosity, disk size, and rotational velocity in a sample of 1303 field and cluster disk galaxies and investigates the effect of color and morphological type and also includes a comparison to K-band results for a sub-sample of brighter galaxies. Courteau et al. (2007) used I-band luminosity from 1. The MAT sample of field galaxies (Mathewson et al. 1992 ),
COMPARISON TO PREVIOUS WORK
Description of the Data
2. The SCII sample of cluster galaxies (Dale et al. 1999) , 3. The Shellflow study (Courteau et al. 2000) , and 4. The UMa survey citepTul96 (Verheijen 2001 ).
I-band disk scale length was used as a measure of disk size size and was measured somewhat differently for each sample. Most of the measurements determine the scale length in the outer disk well away from any bulge or bar although "erratic fits" were reported for some of the UMa measurements. Disc scale lengths were corrected for inclination using the formula
Circular velocity was measured from resolved Hα rotation curves, corrected for inclination and redshift broadening and was evaluated at 2.2 scale lengths except that for the SCII sample(about 40% of the total) the circular velocity was evaluated at the optical radius.
I-band absolute magnitudes were calculated using M I, = 4.19 and were corrected for both internal and external extinction and a small k-correction was applied. Distance was determined from the Hubble flow with H0=70h. In order to perform a meaningful comparison it was necessary to convert the Courteau et al. (2007) data to the units used in the present work. The I-band luminosity and the radial scale length were multiplied by constant factors to convert to units of stellar mass and radial size. The multipliers were chosen so that the centroid of the data lays on the line of intersection given by Equation 2. This procedure resulted in multipliers which are quite close to expected values:
• The I-band luminosity was converted to disk mass by multiplying by the factor Υ I =1.32. This is close to the value of Υ I =1.2±0.2 given in Flynn et al. (2006) , especially considering that the Flynn et al. (2006) multiplier does not include an allowance for gas.
• Scale length was converted to disk radius by multiplying by a factor of 4.05. The conversion of scale length to radius is very uncertain, especially for this heterogeneous sample. A value of about 3.2 is appropriate for an infinite exponential disk and larger value is expected for early type galaxies but depends on the details of the measurement.
Renormalizing the luminosity and scale factor data with these constant multipliers offsets the data in log space but doesn't affect the slope or scatter of the scaling relations. (c) The R-V relation shown in overlayed on Courteau et al. (2007) data. Courteau et al. (2007) . The solid red line are the integer slopes given in Table 1 and the dashed red lines are the ±1σ boundaries of the Table 2 data.
Evaluation
shows the MVR relation which was not discussed in the Courteau et al. (2007) analysis. The agreement is good showing a successful prediction of the Table 1 model.  Table 5 gives fitting statistics for each of the four relations. The Pearson r coefficient indicates that the M-V and M-RV data can be fit quite well with a linear relation in log space. The r coefficient for the M-R relation(0.70) and especially for the V-R(0.58) relation indicate that the fits are expected to be poor, which is the case. Table 5 gives the scatter σ orth of each of the relations using the integer slopes given in Table 1 and also for optimized slopes which minimize σ orth . The optimized slopes do reduce the scatter slightly but at the cost of introducing a new free variable. The optimized slope of the M-RV relation is the coefficient γ of the relation M ∝ V 2 R γ which minimizes σ orth . The reductions in σ orth which result from introducing additional free variables are small and parsimony rejects the optimized coefficients. Equation 14 can be used to approximate values of the random uncertainties of M t , V d and R d . The implied dispersions are: 0.10 < u(M t ) < 0.15 0.02 < u(V d ) < 0.03 0.15 < u(R d ) < 0.20 These uncertainties are smaller than for previous large surveys but are significantly larger that the scatter of the Table 2 data. As expected, the scatter of R d is the the largest while the implied scatter of the Hα rotational velocity is comparable to that of the McGaugh & Schombert (2015) Hi data without the need to probe the outer gaseous disk.
The Courteau et al. (2007) data shown in Figure 8 does show a deviation from the curve M ∝ V 4 in that early-type galaxies fall on a line with a shallower slope. The shallower slope might be due to the way that the circular velocity was measured. That is, Courteau et al. (2007) measured rotational velocity at an interior point of the disk(2.2 scale lengths) and the velocity is higher The optimized slopes minimize the rms scatter σ orth but result in only marginal improvement compared to the integer coefficients given in Table 1 .
there than at the edge for early-type galaxies but is lower than at the edge for late-type galaxies. The effect might vanish if rotational velocity was measured consistently at the edge of the disk.
6. SUMMARY AND CONCLUSIONS Two constants describe dynamics of stellar disks:
• The C f constant is the enhancement factor for a flat disk vs a spherical mass distribution. The value of C f derived here from observations is significantly larger than what is commonly applied and is close to the theoretical value. The database consists of mostly late-type galaxies and no morphological dependance of C f was found although other surveys, and standard Newtonian physics, indicate that the C f of early-type galaxies is significantly smaller.
• The A edge constant is the gravitational attraction at the edge of a stellar disk. The value of A edge is close to the value of Milgrom's constant but is not identical. Several possible explanations of why this attraction is constant have been proposed in the literature but the question is still open.
The size of the stellar disk R d as defined here tied in a basic way to the dynamics of the disk. The small dispersion about the four observed correlations demonstrates that the fundamental relations of Equation 1 are valid and that the procedure used to measure R d is meaningful.
The velocity curve beyond the stellar disk cannot be explained by standard Newtonian physics. Two alternative explanations are the consensus ΛCDM theory and Milgrom's hypothesis. Although the current work does not disprove either explanation it casts some doubt on both. In particular, neither explanation assigns any particular significance to the size of the stellar disk which is, in fact, fundamentally important.
